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Plan of the course

lecture 1: Definitions + basic properties

lecture 2: Hermite-Padé, Multiple Hermite polynomials

lecture 3: Multiple Laguerre polynomials (first and second
kind)

lecture 4: Multiple Jacobi polynomials:
Jacobi-Angelesco + Jacobi-Piñeiro

lecture 5: Riemann-Hilbert problem
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Multiple Laguerre polynomials

The Laguerre weight is

w(x) = xαe−x , x ∈ [0,∞), α > −1.

There are two easy ways to obtain multiple Laguerre polynomials:

1 Changing the parameter α to α1, . . . , αr

This gives multiple Laguerre polynomials of the first kind

2 Changing the exponential decay at infinity from e−x to e−cjx

with parameters c1, . . . , cr

This gives multiple Laguerre polynomials of the second
kind
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Multiple Laguerre I

Type II multiple Laguerre of the first kind: L~α
~n (x)∫ ∞

0
xkL~α

~n (x)xαj e−x dx = 0, 0 ≤ k ≤ nj − 1,

for 1 ≤ j ≤ r .

Parameters αj > −1 and αi −αj /∈ Z whenever i 6= j . (AT system)

Rodrigues formula:

(−1)|~n|e−xL~α
~n (x) =

r∏
j=1

(
x−αj

dnj

dxnj
xnj+αj

)
e−x .
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Multiple Laguerre I

Explicit formula:

L~α
~n (x) =

n1∑
k1=0

· · ·
nr∑

kr=0

(−1)|
~k| n1!

(n1 − k1)!
· · · nr !

(nr − kr )!

×
(

nr + αr

kr

)(
nr + nr−1 + αr−1 − kr

kr−1

)
· · ·

(
|~n| − |~k|+ k1 + α1

k1

)
x |~n|−|

~k|

(−1)|~n|e−xL~α
~n (x) =

r∏
j=1

(αj+1)nj rFr

(
n1 + α1 + 1, . . . , nr + αr + 1

α1 + 1, . . . , αr + 1

∣∣∣∣− x

)
.
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Multiple Laguerre I: recurrence relation

Recurrence relation:

xL~n(x) = L~n+~ek
(x) + b~n,kL~n(x) +

r∑
j=1

a~n,jL~n−~ej
(x)

a~n,j = nj(nj + αj)
r∏

i=1,i 6=j

nj + αj − αi

nj − ni + αj − αi
,

b~n,k = |~n|+ nk + αk + 1.
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Multiple Laguerre I: differential properties

Raising operators:

d

dx

(
xαj+1e−xL

~α+~ej

~n−~ej
(x)

)
= −xαj e−xL~α

~n (x), 1 ≤ j ≤ r .

Lowering operator:

d

dx
L~α

~n (x) =
r∑

j=1

∏r
i=1(ni + αi − αj)∏r
i=1,i 6=j(αi − αj)

L
~α+~ej

~n−~ej
(x).

Differential equation: r∏
j=1

Dj

 DL~α
~n (x) = −

r∑
j=1

∏r
i=1(ni + αi − αj)∏r
i=1,i 6=j(αi − αj)

∏
i 6=j

Di

 L~α
~n (x).

D =
d

dx
, Dj = x−αj exDxαj+1e−x .
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Multiple Laguerre I: integral representations

Integral representations:

e−xL~α
~n (x) =

(−1)|~n|

2πi

∮
Σ

x−z−1Γ(z + 1)
r∏

j=1

(αj − z)nj dz

Σ is a Hankel contour from −∞− i0+, around 0, to −∞+ i0+.

(−1)|~n|Q~n(x) =
e−x

2πi

∮
Γ

xz

Γ(z + 1)
∏r

j=1(αj − z)nj

dz

Γ is a contour enclosing αj , αj + 1, . . . , αj + nj − 1 for 1 ≤ j ≤ r .

(−1)|~n|e−xL~α
~n (x) =

n1! · · · nr !

(2πi)r

×
∮

Σ
· · ·

∮
Σ

exp

(
− x

t1 . . . tr

)
t−α1−1
1 · · · t−αr−1

r

(1− t1)n1+1 · · · (1− tr )nr+1
dt1 · · · dtr
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Multiple Laguerre I: zero distribution

Theorem (E+J Coussement, VA)

Let 0 < x1,2n < x2,2n < · · · < x2n,2n be the zeros of L
(α1,α2)
n,n . Then

lim
n→∞

1

2n

2n∑
k=1

f
(xk,2n

2n

)
=

∫ 27/4

0
f (x)w2(x) dx ,

for every continuous function f on [0, 27/4], where
w2(x) = 4/27g(4x/27) with

g(x) =
2
√

3

16π

(1 + 3
√

1− x)(1−
√

1− x)1/3 − (1− 3
√

1− x)(1 +
√

1− x)1/3

x2/3
.

Walter Van Assche Multiple Orthogonal Polynomials



Multiple Laguerre I: zero distribution

The proof uses the four-term recurrence relation

xpn(x) = pn+1(x) + bnpn(x) + cnpn−1(x) + dnpn−2(x),

p2n(x) = Ln,n(x), p2n+1(x) = Ln+1,n(x)

where

b2n = 3n + α1 + 1, b2n+1 = 3n + α2 + 2,

c2n = n(3n + α1 + α2), c2n+1 = 3n2 + n(α1 + α2 + 3) + α1 + 1,

d2n = n(n + α1)(n + α1 − α2), d2n+1 = n(n + α2)(n + α2 − α1).
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Multiple Laguerre I: zero distribution

Theorem (Neuschel, VA)

Let 0 < x1,rn < x2,rn < · · · < xrn,rn be the zeros of L~α
n,n,...,n. Then

lim
n→∞

1

rn

rn∑
k=1

f
(xk,rn

rn

)
=

∫ cr

0
f (x/r)ur (x) dx , cr =

(r + 1)r+1

r r
,

where ur is given by

ur (x) =
1

rπ

(sin rϕ)r+1(
sin(r + 1)ϕ

)r ,

where

x =

(
sin(r + 1)ϕ

)r+1

sinϕ(sin rϕ)r
, 0 < ϕ <

π

r + 1
.
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Multiple Laguerre polynomials: zero distribution

Theorem (Van Assche)

Let ~n = (bq1nc, . . . , bqrnc), where qj > 0 (1 ≤ j ≤ r) and
q1 + · · ·+ qr = 1. Suppose

lim
n→∞

a~n,j

n2γ
= aj , lim

n→∞

b~n,k

nγ
= bj .

Then uniformly on compact sets of C \ R

lim
n→∞

P~n+~ek
(nγx)

nγP~n(nγx)
= z − bk ,

where z is the solution of the algebraic equation

x − z =
r∑

j=1

aj

z − bj
, lim

x→∞
z − x = 0.
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r = 1 (solid), r = 2 (dash), r = 3 (dash dot), r = 4 (long dash), r = 5 (point)
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Multiple Laguerre II

Type II multiple Laguerre polynomials of the second kind Lα,~c
~n (x)∫ ∞

0
xkLα,~c

~n (x)xαe−cjx dx = 0, 0 ≤ k ≤ nj − 1,

for 1 ≤ j ≤ r .

Parameters α > −1 and cj > 0 with ci 6= cj whenever i 6= j .

Rodrigues formula:

(−1)|~n|
r∏

j=1

c
nj

j xαLα,~c
~n (x) =

r∏
j=1

(
ecjx

dnj

dxnj
e−cjx

)
x |~n|+α.
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Multiple Laguerre II

Explicit expression:

Lα,~c
~n (x) =

n1∑
k1=0

· · ·
nr∑

kr=0

(
n1

k1

)
· · ·

(
nr

kr

)(|~n|+ α

|~k|

)
(−1)|

~k| |~k|!
ck1
1 · · · ckr

r

x |~n|−|
~k|.

Recurrence relations:

xL~n(x) = L~n+~ek
(x) + b~n,kL~n(x) +

r∑
j=1

a~n,jL~n−~ej
(x),

a~n,j =
nj(|~n|+ α)

c2
j

, b~n,k =
|~n|+ α+ 1

ck
+

r∑
j=1

nj

cj
.
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Multiple Laguerre II: differential properties

Raising operators:

d

dx
xα+1e−cjxLα+1,~c

~n−~ej
(x) = −cjx

αe−cjxLα,~c
~n (x), 1 ≤ j ≤ r .

Lowering operator:

d

dx
Lα,~c

~n (x) =
r∑

j=1

njL
α+1,~c
~n−~ej

(x).

Differential equation: r∏
j=1

Dj

 xα+1DLα,~c
~n (x) = −

r∑
j=1

cjnj

∏
i 6=j

Di

 xαLα,~c
~n (x),

D =
d

dx
, Dj = ecjxDe−cjx .
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Mutiple Laguerre II: integral representations

Integral representation for type II: (integer α)

xαLα,~c
~n (x) = (−1)|~n|

(|~n|+ α)!

cn1
1 · · · cnr

r

1

2πi

∮
Γ
exss−|~n|−α−1

r∏
j=1

(s − cj)
nj ds,

Γ a contour around 0 which does not encircle any of the cj .

Integral representation for type I: (α integer)

e−cjxA~n,k(x) = (−1)|~n|+1 cn1
1 · · · cnr

r

(|~n|+ α− 1)!

1

2πi

∮
Γk

e−xtt |~n|+α−1
r∏

j=1

(t−cj)
−nj dt,

Γk a contour around ck , does not enclose 0 or any other cj (j 6= k).

Q~n(x) = (−1)|~n|+1 cn1
1 · · · cnr

r

(|~n|+ α− 1)!

1

2πi

∮
Γ
e−xtt |~n|+α−1

r∏
j=1

(t−cj)
−nj dt,

Γ a contour encircling c1, . . . , cr but not 0.
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r

(|~n|+ α− 1)!

1

2πi

∮
Γ
e−xtt |~n|+α−1

r∏
j=1

(t−cj)
−nj dt,

Γ a contour encircling c1, . . . , cr but not 0.
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Mutiple Laguerre II: integral representations

Integral representation for type II: (integer α)

xαLα,~c
~n (x) = (−1)|~n|

(|~n|+ α)!

cn1
1 · · · cnr

r

1

2πi

∮
Γ
exss−|~n|−α−1

r∏
j=1

(s − cj)
nj ds,

Γ a contour around 0 which does not encircle any of the cj .
Integral representation for type I: (α integer)

e−cjxA~n,k(x) = (−1)|~n|+1 cn1
1 · · · cnr

r

(|~n|+ α− 1)!

1

2πi

∮
Γk

e−xtt |~n|+α−1
r∏

j=1

(t−cj)
−nj dt,

Γk a contour around ck , does not enclose 0 or any other cj (j 6= k).

Q~n(x) = (−1)|~n|+1 cn1
1 · · · cnr

r

(|~n|+ α− 1)!
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j=1
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−nj dt,
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N × N positive definite Hermitian matrices

M = XX ∗, X ∈ CN×(N+p)

where all the columns of X are independent and have a
multivariate Gauss distribution with covariance matrix Σ.

1

ZN
e−Tr(Σ−1M)(det M)p dM.

If Σ = IN then Laguerre polynomials (with α = p) play an
important role.
If Σ−1 has eigenvalues c1, . . . , cr with multiplicities n1, . . . , nr ,
then we need multiple Laguerre polynomials of the second kind:

E
(
det(M − zIN)

)
= (−1)|~n|Lp,~c

~n (z).
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Multiple Laguerre II: asymptotics

Riemann-Hilbert approach (Lysov and Wielonsky, 2008) for r = 2.

Asymptotic behavior for Pn(z) = n−2nL
α,(c1,c2)
n,n (nz)

Cubic equation

z =
2c1c2 − (c1 + c2)ψ

ψ(ψ − c1)(ψ − c2)

Three solutions, which for z →∞

ψ0(z) =
2

z
+O(1/z2),

ψ1(z) = c1 −
1

z
+O(1/z2),

ψ2(z) = c2 −
1

z
+O(1/z2).

Zero distribution ν1 determined by ψ0:∫
log(z − x) dν1(x) =

∫ z

ψ0(s) ds
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Multiple Laguerre II: asymptotics

Let

κ =
7 + 3

√
3

2
+

√
36 + 21

√
3

2
= 12.1136 . . .

1 < c2/c1 < κ: zeros accumulate on one interval [0, d ].

c2/c1 > κ: zeros accumulate on two intervals [0, b] ∪ [c , d ].

c2/c1 = κ: b = c (phase transition: birth of a gap).

0, b, c , d are the (real) roots of the discriminant of the cubic
equation

c2
1c2

2 (c1 − c2)
2z4 − 6c1c2(c1 + c2)(c1 − c2)

2z3

+ (c4
1 + 28c3

1c2 − 54c2
1c2

2 + 28c1c
3
2 + c4

2 )z2 − 4(c1 + c2)
3z = 0.
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The functions ψ0, ψ1, ψ2 for c1 = 1, c2 = 4 (interval is [0, 6.12])
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The functions ψ0, ψ1, ψ2 for c1 = 1, c2 = 20 (intervals are

[0, 0.18] ∪ [0.23, 5.87])
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Multiple Laguerre II: asymptotics (two intervals)

Theorem (Lysov-Wielonsky)

Uniformly for z on compact subsets of C \ ([0, b] ∪ [c , d ])

Pn(z) = −2α+1/2i
ψ0(z)− c1)(ψ0(z)− c2)

(zψ0(z))α
√

D(ψ0(z))
en(λ0(z)−`0)

(
1 +O(1/n)

)
,

`0 is a constant such that

λ0(z) = 2 log z + `0 +O(1/z),

and D is the polynomial

D(x) = 2(c1+c2)x
3−(c2

1 +8c1c2+c2
2 )x2+4(c1+c2)c1c2x−2c2

1c2
2 .
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Multiple Laguerre II: asymptotics

Theorem (Lysov-Wielonsky)

On the intervals [ε, b − ε] ∪ [c + ε, d − ε] (with ε > 0)

Pn(x) = 2α+1/2x−α
(
A(x) sin[n=λ+

0 (x) + ϕ(x)] +O(1/n)
)
en(<λ+

0 (x)−`0),

where

A(x) = 2

∣∣∣∣∣∣(ψ
+
0 (x)− c1)(ψ

+
0 (x)− c2)

(ψ+
0 )α(x)

√
D(ψ+

0 (x))

∣∣∣∣∣∣ ,
and

ϕ(x) = arg
(ψ+

0 (x)− c1)(ψ
+
0 (x)− c2)

(ψ+
0 )α(x)

√
D(ψ+

0 (x))
.
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Multiple Laguerre II: asymptotics

Theorem (Lysov-Wielonsky)

If z is in a neighborhood of d, then

Pn(z) = −2α+1/2
√
π
(
n1/6Bd(z)Ai(n2/3fd(z))

(
1 +O(1/n)

)
+ n−1/6Cd(z)Ai′(n2/3fd(z))

(
1 +O(1/n)

))
en(λ0(z)+λ1(z)−2`0)/2,

where Ai is the Airy function, Bd and Cd are analytic functions in
a neighborhood of d, and

4

3
[fd(z)]3/2 = λ1(z)− λ0(z).

Similar results for b and c .
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Multiple Laguerre II: asymptotics

Theorem (Lysov-Wielonsky)

If z is in a neighborhood of 0, then

Pn(z) = −2α+1/2i
√
πnf0(z)1/4e−απ/2

“
B0(z)Jα(2n(−f0(z))1/2)

`
1 +O(1/n)

´
+ C0(z)J ′α(2n(−f0(z))1/2)

`
1 +O(1/n)

´”
en(λ0(z)+λ2(z)−2`0)/2,

where Jα is the Bessel function of order α, B0 and C0 are analytic
functions in a neighborhood of 0, and

−4[f0(z)]1/2 = λ2(z)− λ0(z) + 4πi .
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