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Plan of the course

lecture 1: Definitions + basic properties
lecture 2: Hermite-Padé, Multiple Hermite polynomials
lecture 3: Multiple Laguerre polynomials (first and second
kind)
lecture 4: Multiple Jacobi polynomials:
Jacobi-Angelesco + Jacobi-Pifieiro

lecture 5: Riemann-Hilbert problem

Walter Van Assche Multiple Orthogonal Polynomials



Multiple Laguerre polynomials

The Laguerre weight is

w(x) = x%e™ %, x €[0,00), a > —1.
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Multiple Laguerre polynomials

The Laguerre weight is
X

w(x) = x%e™ %, x €[0,00), a > —1.

There are two easy ways to obtain multiple Laguerre polynomials:

Q Changing the parameter o to a1, ..., q,
This gives multiple Laguerre polynomials of the first kind
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Multiple Laguerre polynomials

The Laguerre weight is

w(x) = x%e™ %, x €[0,00), a > —1.

There are two easy ways to obtain multiple Laguerre polynomials:

Q Changing the parameter o to a1, ..., q,
This gives multiple Laguerre polynomials of the first kind

Q Changing the exponential decay at infinity from e to e~ %%

with parameters c1,..., ¢,
This gives multiple Laguerre polynomials of the second
kind
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Multiple Laguerre |

Type Il multiple Laguerre of the first kind: L‘%(X)
/ xKL3(x)x% e ™ dx = 0, 0<k<n—1,
0

for1<j<r.
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Multiple Laguerre |

Type Il multiple Laguerre of the first kind: L‘%(X)
/ xKL3(x)x% e ™ dx = 0, 0<k<n—1,
0

for1<j<r.
Parameters a; > —1 and «o; — aj ¢ 7Z whenever i # j. (AT system)
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Multiple Laguerre |

Type Il multiple Laguerre of the first kind: L‘%(X)
/ xKL3(x)x% e ™ dx = 0, 0<k<n—1,
0

for1<j<r.
Parameters a; > —1 and «o; — aj ¢ 7Z whenever i # j. (AT system)

Rodrigues formula:

_ - ! dni
(-1)fle=>19(x) = H <x_afﬂx”f+°‘f> e .

! Ix
Jj=1
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Multiple Laguerre |

Explicit formula:

n r - | |
dy= S .. Nk me e
L5 (x) kZO kZ()( A P TR Py
=0 o

y ne+oar\ (n+n—1+ o1 — ke |ﬁ|—|E]+k1+a1 S|k
k, kr—1 ki
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Multiple Laguerre |

Explicit formula:

ny! n,!
L3(x) = Z Z( 1) |k| T 1k1)! k)

P 1

y n,+ o, n,+n,_1+ar_1—kr |ﬁ|—|E]+k1+a1 S|k
k, kr—1 ki

,
Al o—x18 m4+a1+1,....n+a,+1
(—1)| Ie L%(X) = H(aj—l—l)nj rFr( O[1+1,...,Olr+1 ‘—X) .

j=t
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Multiple Laguerre |: recurrence relation

Recurrence relation:

XL,-;(X) = L;H_gk(X) + b,-,’,kL;,'(X) + Z af,”jL,-;_gj(X)
j=1

r

anj = nj(nj +ag) [

I=1,i#j

b,—,’,k = |I_f| +ng+ o+ 1.

nj +aj — a;

)
nj—nj+aj —aq;
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Multiple Laguerre I: differential properties

Raising operators:

d /. . o _
= (e E00) = —xve tIE(x),  1<js<r
X

—& n
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Multiple Laguerre I: differential properties

Raising operators:

di (xo‘fHe_XL(erfj(x)) = —x%e *1%(x), 1<j<r.
x

n—e;
Lowering operator:
d

L 18(x) =
L3

r

= =

= [[im1izjlai —ay) 79

[limy (ni + ci — @) 158,
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Multiple Laguerre I: differential properties

Raising operators:

. (xaf“e_XLgirg(x)) = —x%e *L%(x), 1<j<r

Lowering operator:
d - r " (n; o) s =
2 1gy =y etz iz o) gy

= [Tioigj(ei —ag) 78

Differential equation:

a i + B 62
flo) s 22 (1) o
i#j

d o 11—
— Dj = x % e*Dxtte™™

5 .
dx
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Multiple Laguerre |: integral representations

Integral representations:

Y is a Hankel contour from —oo — i0+, around 0, to —oo + /0+.
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Multiple Laguerre |: integral representations

Integral representations:

Y is a Hankel contour from —oo — i0+, around 0, to —oo + /0+.

—X V4
1)1 Qa(x % x dz
(=17 Qs(x) = 2mi JrT(z+1) H}Zl(aj — Z)n,
I is a contour enclosing o, +1,...,a;+nj—1for1 < j<r.
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Multiple Laguerre |: integral representations

Integral representations:

_1)|n —z—1 :
i j{zx MNz+1) H(aj — Z)n; dz

j=1

e 15(x) = |

Y is a Hankel contour from —oo — i0+, around 0, to —oo + /0+.

—X V4
1)1 Qa(x % x dz
(=17 Qs(x) = 2mi JrT(z+1) H}Zl(aj — Z)n,
I is a contour enclosing o, +1,...,a;+nj—1for1 < j<r.
- . l...nl
)\ Alg=xpd(yy = M e
(1) 1500 = "

X tl_o‘l_:l s
P pee T dty - dt
%Z %{ XP ( tl---tr) (1 — tl)nl-‘rl...(]__ tr)n,+1 1 r
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Multiple Laguerre |: zero distribution

Theorem (E+J Coussement, VA)

Let 0 < x12n < X220 < -+ < X2n2n be the zeros of Lg,f”ﬁ’az). Then

2n 27/4
] 1 Xk,2n\
Jim 5 (50) —/0 FOwa(x) o,

for every continuous function f on [0,27 /4], where
wa(x) = 4/27g(4x/27) with

£ = 23 A+VI=NA—VI= 0" — (1 =3I =)+ V=%
167 x2/3 :
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Multiple Laguerre |: zero distribution

The proof uses the four-term recurrence relation
Xpn(x) = pn+1(X) + ann(X) + Cnpn—l(X) + dnpn—2(X)7

P2n(X) = Ln,n(X)a p2n+1(X) = Ln-l—l,n(X)

where

byn =3n+ a1 + 1, b2n+1:3n+a2+27
cn=n(3n+ a1 +a2), cnr1 =30+ n(ag +az+3) +ag +1,
oy, = n(n + al)(n + a1 — OQ), d2,,+1 = n(n + ag)(n —+ ap — al).
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Multiple Laguerre |: zero distribution

Theorem (Neuschel, VA)

Let 0 < x1,;n < X2,in < -+ < Xmn,m be the zeros of L,O;Z,n,...,n- Then

lim —Z f (Xk "’) = /Ocr f(x/r)u,(x) dx, G = M,

n—oo rn

where u, is given by

1 (sinrp) !

ur\X) = T
() T (sin(r + 1))
where )
_ (sin(r + 1)4,0)’Jr 0< o< L
sin(sinrp)r L
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Multiple Laguerre polynomials: zero distribution

Theorem (Van Assche)

Let i = (lqin],...,|qrn]), where g; >0 (1 <j <r) and
g1+ -+ q, =1. Suppose
bs

= a; lim — = b;.
] n—oo nY ]

. apj
lim T’J
n—oo nN<Y

Then uniformly on compact sets of C \ R

lim Pﬁ-i—é’k(n’yx)

am —n')’Pﬁ(n’yX) = Z — bk?

where z is the solution of the algebraic equation
r

a; .
x—z:g 2 lim z—x=0.

Z—bj, X—00

j=t
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r =1 (solid), r = 2 (dash), r = 3 (dash dot), r = 4 (long dash), r =5 (point)
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Multiple Laguerre |l

i . . a,c
Type Il multiple Laguerre polynomials of the second kind L7“(x)
o -
/0 xKLEC(x)x"e™ 5 dx = 0, 0<k<n—1,

for1<j<r.
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Multiple Laguerre |l

i . . a,c
Type Il multiple Laguerre polynomials of the second kind L7“(x)
o -
/0 xKLEC(x)x"e™ 5 dx = 0, 0<k<n—1,

for1<j<r.
Parameters o > —1 and ¢; > 0 with ¢; # ¢; whenever i # j.
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Multiple Laguerre |l

i . . a,c
Type Il multiple Laguerre polynomials of the second kind L7“(x)
o -
/0 xKLEC(x)x"e™ 5 dx = 0, 0<k<n—1,

for1<j<r.
Parameters o > —1 and ¢; > 0 with ¢; # ¢; whenever i # j.

Rodrigues formula:

r r dn

_ "_7‘|H nj o a,c :H X T —GiXx |7+

(-1) | 1cJ x* L2 (x) Sl X .
J:
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Multiple Laguerre |l

Explicit expression:

19 () i Z (nl) (n) <|ﬁ|+a)( NG K e
S (x) = N _ .
’ k1=0 kr=0 ki kr ‘k’ Ckl - Ckr
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Multiple Laguerre |l

Explicit expression:
n nr = -
g m e\ (1A + K k]! Al—|k
9 = 3 o ( )( )( ! )(_1)| LI )
i klzz:o Igz:o ky k, ‘k’ Ckl . Ckr
Recurrence relations:

xLi(x) = Latz, (<) + bakla(x) + > anjli—g(x),
j=1

oAl t+a) _Iﬁl+a+1+iﬂ
nj — C-2 ) ik — x C‘.
J j=1 7
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Multiple Laguerre Il: differential properties

Raising operators:

d = .
a+1l _—cjxja+l,c _ L —CjX [ Q,C .
e ] Lﬁ—éj (x) = —cix%e” L% (x), 1<j<r.
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Multiple Laguerre Il: differential properties

Raising operators:

d g
+1 — a+1,¢ _ a —CjiX | Q,C H
an XL e (x) = —cix%e” L% (x), 1<j<r.

Lowering operator:

La < E nj chﬂ ¢

Walter Van Assche Multiple Orthogonal Polynomials



Multiple Laguerre Il: differential properties

Raising operators:

d z
+1 —cixja+1,C _ o —cix|o,C .
X XL e (x) = —cix%e” L% (x), 1<j<r.

Lowering operator:
«, c a+1, c
L Z niLy'e
Differential equation:

f[DJ- XA DLYE (x ZanJ [T ) x* L5 (x),
J=1 i#j
d

D= o Dj = e9*De™ 9.
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Mutiple Laguerre Il: integral representations

Integral representation for type Il: (integer «)

K a (A +a)l 1 a1 T .
XaLgC(X):(—]-)'n‘m% rexss |A]—c jl:[l(s_q)nj ds,

I" a contour around 0 which does not encircle any of the c;.
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Mutiple Laguerre Il: integral representations

Integral representation for type Il: (integer «)
ajpa,c |r_i\(‘ﬁ‘+a)l XS —\n| a—1
L) = (O o H s—¢q)"

I" a contour around 0 which does not encircle any of the c;.
Integral representation for type I: (« integer)

41 ot 1 t |A+a—1 -

—GX AL _ (_1\lA r —xt | Al +a— _\—n;

e An) = U e D) 2w %rke ‘ I Il(t G)"
J:

Ik a contour around ¢, does not enclose 0 or any other ¢; (j # k).
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Mutiple Laguerre Il: integral representations

Integral representation for type Il: (integer «)
ajpa,c |ﬁ\(‘ﬁ‘+a)l XS —\n| a—1
L) = (O o H s—¢q)"

I" a contour around 0 which does not encircle any of the c;.
Integral representation for type I: (« integer)

41 ot 1 t |A+a—1 -

—GX AL _ (_1\lA r —xt | Al +a— _\—n;

e An) = U e D) 2w %rke ‘ I Il(t G)"
J:

Ik a contour around ¢, does not enclose 0 or any other ¢; (j # k).

EEE A |Al+a—1 Irl

_ n r —Xt ¢ n|+a— N\—nj

Q) = (=1) (|A] + o — 1)! 2mi 7{ °t . 1(t_cj) ',
J:

[ a contour encircling c1, ..., ¢ but not 0.
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N x N positive definite Hermitian matrices

M=Xx*, — XecVNp)

where all the columns of X are independent and have a
multivariate Gauss distribution with covariance matrix .
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N x N positive definite Hermitian matrices

M=Xx*, — XecVNp)

where all the columns of X are independent and have a
multivariate Gauss distribution with covariance matrix .

ie_-'—'(z_l’v’)(det M)P dM.
Zn
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N x N positive definite Hermitian matrices

M=Xx*, — XecVNp)

where all the columns of X are independent and have a
multivariate Gauss distribution with covariance matrix .

ie_-'—'(z_l’v’)(det M)P dM.
Zn

If ¥ = Iy then Laguerre polynomials (with « = p) play an
important role.
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N x N positive definite Hermitian matrices

M=Xx*, — XecVNp)

where all the columns of X are independent and have a
multivariate Gauss distribution with covariance matrix .

ie_-'—'(z_l’v’)(det M)P dM.
Zn

If ¥ = Iy then Laguerre polynomials (with « = p) play an
important role.

If ¥~1 has eigenvalues ¢, ..., ¢, with multiplicities ny,...,n,,
then we need multiple Laguerre polynomials of the second kind:
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Random matrices: Wishart ensemble

John Wishart (1928) introduced the Wishart distribution for
N x N positive definite Hermitian matrices

M= XX*, X e CN*<(N+p)
where all the columns of X are independent and have a

multivariate Gauss distribution with covariance matrix .

ie_-'—'(z_l’v’)(det M)P dM.
Zn

If ¥ = Iy then Laguerre polynomials (with « = p) play an
important role.

If ¥~1 has eigenvalues ¢, ..., ¢, with multiplicities ny,...,n,,
then we need multiple Laguerre polynomials of the second kind:

E(det(l\/] - zIN)) = (~1)/12(2),
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Multiple Laguerre |l: asymptotics

Riemann-Hilbert approach (Lysov and Wielonsky, 2008) for r = 2.
Asymptotic behavior for P,(z) = n=27L5:{%) (nz)

Walter Van Assche Multiple Orthogonal Polynomials



Multiple Laguerre |l: asymptotics

Riemann-Hilbert approach (Lysov and Wielonsky, 2008) for r = 2.
Asymptotic behavior for P,(z) = n=27L5:{%) (nz)
Cubic equation

- 2C1C2 — (C1 + C2)1/)

YW -a)¥ - @)
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Multiple Laguerre |l: asymptotics

Riemann-Hilbert approach (Lysov and Wielonsky, 2008) for r = 2.
Asymptotic behavior for P,(z) = n=2nL5{2)(

Cubic equation

nz)

_ 2C1C2 — (C1 + Cz)i/)
V(Y —a)(v - )

Three solutions, which for z — oo
2
Yo(2) = 2 +0(1/2)

1/)1(2) =CqC — ; + 0(1/22),

Pa(z2) =cp — ; +0(1/2°).
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Multiple Laguerre |l: asymptotics

Riemann-Hilbert approach (Lysov and Wielonsky, 2008) for r = 2.
Asymptotic behavior for P,(z) = n=27L5:{%) (nz)
Cubic equation

- 2C1C2 — (C1 + Cz)i/)

YW -a)¥ - @)

Three solutions, which for z — oo
2
Yo(2) = 2 +0(1/2)

1/)1(2) =CqC — ; + 0(1/22),

1
Pa(z2) =cp — S +0(1/2°).
Zero distribution v7 determined by g:
V4
/Iog(z — x) dvi(x) :/ o(s) ds



Multiple Laguerre |l: asymptotics

Let

7+3V3 36 + 213
K= +

=12.1136...
> > 36
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Multiple Laguerre |l: asymptotics

Let

7+3V3 36 + 213
K= +

=12.1136...
> > 36

o 1 < cp/c1 < k: zeros accumulate on one interval [0, d].
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Multiple Laguerre |l: asymptotics

Let

7+3V3 36 + 213
K= +

=12.1136...
> > 36

o 1 < cp/c1 < k: zeros accumulate on one interval [0, d].

@ ¢/c1 > ki zeros accumulate on two intervals [0, b] U [c, d].
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Multiple Laguerre |l: asymptotics

Let

7+3V3 36 + 213
K= +

=12.1136...
> > 36

o 1 < cp/c1 < k: zeros accumulate on one interval [0, d].
@ ¢/c1 > ki zeros accumulate on two intervals [0, b] U [c, d].

e /¢ = k: b= c (phase transition: birth of a gap).
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Multiple Laguerre |l: asymptotics

Let

7+3V3 36 + 213
K= +

=12.1136...
> > 36

o 1 < cp/c1 < k: zeros accumulate on one interval [0, d].
@ ¢/c1 > ki zeros accumulate on two intervals [0, b] U [c, d].

e /¢ = k: b= c (phase transition: birth of a gap).

0, b, ¢, d are the (real) roots of the discriminant of the cubic
equation
c23(c — @)zt —6ao(a + o)(a — o)

+ (cf +28¢cy — 54cic3 +28c1c3 + ¢3)2° — 4(c1 + @)*z = 0.
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~10 4

The functions o, 11,12 for c1 = 1, ¢; = 4 (interval is [0,6.12])
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-5 0 5 10
z
-10

The functions o, 1,12 for a1 = 1, ¢, = 20 (intervals are

[0,0.18] U [0.23, 5.87])

Walter Van Assche
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Multiple Laguerre II: asymptotics (two intervals)

Theorem (Lysov-Wielonsky)

Uniformly for z on compact subsets of C \ ([0, b] U [c, d])

5) = _oatl/2; wo(z)—cl)(T/Jo(Z)—Cz) n(Mo(2)—40) O(1/n
)= (200(2)*r/D{G0(2)) (1-+o/m)

lo is a constant such that
Xo(z) =2logz + 4 + O(1/2),
and D is the polynomial

D(x) = 2(c1+)x®— (2 +8cicr+c3)x> +4(c1 + @) croox —2c2c3.
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Multiple Laguerre |l: asymptotics

Theorem (Lysov-Wielonsky)

On the intervals [e,b — €] U [c + €,d — €] (withe > 0)

Po(x) = 20+1/2—@ (A(x) sin[nSAS (x) + @(x)] + (9(1/n)) en(RAS (x)—6o)

where

(¥ (x) — a)(¥g (x) — @)
(¥g)*(x)y/ D(¥g (%))

Alx) =2

and

o(x) = arg (P8 ) = a)(WF () — )
(¥g)*(x)y/ D(¥g (x))

Walter Van Assche
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Multiple Laguerre |l: asymptotics

Theorem (Lysov-Wielonsky)

If z is in a neighborhood of d, then

Po(z) = —2“+1/2\/7_r(nl/GBd(z)Ai(n2/3fd(z))(1 +0(1/n))

+n1/6 Cd(z)Ai/(nz/a fd(Z))(l + O(l/n))) en(Ao(Z)+>\1(Z)*2ffo)/2’

where Ai is the Airy function, By and Cy are analytic functions in
a neighborhood of d, and

S22 = () — Xo(2).
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Multiple Laguerre |l: asymptotics

Theorem (Lysov-Wielonsky)

If z is in a neighborhood of d, then

Po(z) = —2“+1/2\/7_r(nl/GBd(z)Ai(n2/3fd(z))(1 +0(1/n))

+n1/6 Cd(z)Ai/(nz/a fd(Z))(l + O(l/n))) en(Ao(Z)+>\1(Z)*2ffo)/2’

where Ai is the Airy function, By and Cy are analytic functions in
a neighborhood of d, and

S22 = () — Xo(2).

Similar results for b and c.
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Multiple Laguerre |l: asymptotics

Theorem (Lysov-Wielonsky)

If z is in a neighborhood of 0, then
P.(z) = —2°"2i/mnfy(2)/ *e=>/2 (Bo(z)Ja(2n(—fo(z))1/2)(1 +0O(1/n))
+ Go(2)4h(2n(—f(2))*) (1 + 01/ n)))e”““(z)“z(z)’”"’/ 2

where J,, is the Bessel function of order o, By and Cy are analytic
functions in a neighborhood of 0, and

—4[fo(2)]M? = Aa(2) — Xo(2) + 4ri.
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