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Plan of the course

lecture 1: Definitions + basic properties

lecture 2: Hermite-Padé, Riemann-Hilbert,
Multiple Hermite polynomials

lecture 3: Multiple Laguerre polynomials (first and second kind)

lecture 4: Multiple Jacobi polynomials:
Jacobi-Pineiro 4+ Jacobi-Angelesco

lecture 5: Riemann-Hilbert problem
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Multiple Jacobi polynomials

The Jacobi weight is

w(x)=(1-x)1+x)?  xe[-1,1], a,f > —1.
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Multiple Jacobi polynomials

The Jacobi weight is

w(x)=(1-x)1+x)?  xe[-1,1], a,f > —1.

There are many ways to obtain multiple Jacobi polynomials:

O Changing the parameter a to a4, ..., a, (and [-1,1] to [0, 1])
This gives Jacobi-Piineiro polynomials.

@ Changing the parameter 3 to f1,..., 0, (and [-1,1] to [0, 1])
Again Jacobi-Pineiro polynomials, but x — 1 — x.
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Multiple Jacobi polynomials

The Jacobi weight is

w(x)=(1-x)1+x)?  xe[-1,1], a,f > —1.

There are many ways to obtain multiple Jacobi polynomials:
@ Changing the parameter o to aq,...,a, (and [—1,1] to [0, 1])
This gives Jacobi-Piieiro polynomials.
@ Changing the parameter 3 to f1,..., 0, (and [-1,1] to [0, 1])
Again Jacobi-Pineiro polynomials, but x — 1 — x.

© Use Jacobi weights on r disjoint intervals
This gives Jacobi-Angelesco polynomials.
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Jacobi-Pineiro polynomials

Type Il Jacobi-Pifieiro polynomials Pg’ﬂ(x)
L, ap ,
a, . .
/0 x*PSP(x)x% (1 — x)” dx = 0, 0< k<n—1,

for1<j<r.
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Jacobi-Pineiro polynomials

Type Il Jacobi-Pifieiro polynomials Pg’ﬂ(x)

1 —
/0 kag”g(x)x“f(l—x)ﬁdx:O, 0<k<n;—1,

for1<j<r.
Parameters a; > —1 and «; — «j ¢ Z whenever i # j. (AT system)
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Jacobi-Pineiro polynomials

Type Il Jacobi-Pifieiro polynomials Pg’ﬂ(x)
L, ap ,
a, . .
/0 x*PSP(x)x% (1 — x)” dx = 0, 0< k<n—1,

for1<j<r.
Parameters a; > —1 and «; — «j ¢ Z whenever i # j. (AT system)
Introduced by Pifieiro (for 5 = 0) in 1987.
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Jacobi-Pineiro polynomials

Type Il Jacobi-Pifieiro polynomials Pg’ﬂ(x)

1 —
/0 kag’ﬂ(x)x“f(l—x)ﬁdx:O, 0<k<n;—1,

for1<j<r.

Parameters a; > —1 and «; — «j ¢ Z whenever i # j. (AT system)
Introduced by Pifieiro (for 5 = 0) in 1987.

Rodrigues formula:

~D)T T + 0 + 84 1), (1= x)" P77 (x)
j=1

B H ( o A7 n,+a,) (1 — )40,
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Jacobi-Pineiro polynomials

Explicit formula:

- _ l...nl
Pg‘aﬁ = (-1 | 7| _ ny: r
= ) e+ a0,

n, - r J—1 -
_ 1)l |7l + 3 nj+a;+ 5 ki k| IRI(1 ) - IR
2 kzzzo( Y ( K] 1 n; — kj PR i G

j=t
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Jacobi-Pineiro polynomials

Explicit formula:

- _ l...nl
Pg‘aﬁ = (-1 | 7| _ ny: r
= ) e+ a0,

n, - r J—1 -
_ 1)l |7l + 3 nj+a;+ 5 ki k| IRI(1 ) - IR
2_: ;::0( D ( K] 1 n; — kj PR i G

j=t

(aj + l)nj
(7 + oy + A+ D),

(—1)(1 - x)P PP (x) = H

Jj=1

£ —|d-8,m+ar+1,....n+a +1 N
reitr ar+1,...,0,+1 ’
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Jacobi-Pineiro polynomials

Explicit formula:

- _ l...nl
Pg‘aﬁ = (-1 | 7| _ ny: r
= ) e+ a0,

n, - r J—1 -
_ 1)l |7l + 3 nj+a;+ 5 ki k| IRI(1 ) - IR
2_: ;::0( D ( K] 1 n; — kj PR i G

j=t

(aj + l)nj
(7 + oy + A+ D),

(—1)(1 - x)P PP (x) = H

j=1
£ —|d-8,m+ar+1,....n+a +1 N
reitr ar+1,...,0,+1 ’
Limit relation:

Jim AIPIP(x/8) = L3(x).
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Jacobi-Pineiro: recurrence relation

Recurrence relation:

xPa(x) = Py, (x) + b Pa(x) + Y a7 Pi—g (%)

U nj(nj + o4)(17] + B)
" um+m+m+ﬂ+mw+m+%+ﬂmm+m+w+ﬁ—n

n|+al+,6 nj+aj i .
x 1</ <
H|”|+”I+Oé;+ﬁHnj—n,+aJ_al SJs

[T (7l + 8+ +1)

(1Al + ni + cuc + B+ 2) [T (17l + nj + a; + B+ 1)
[T (7] + B + o)

[T (7] +nj + 8+ q;)’

bz = (|7l+5+1)

1<k<r.

— (I + 1)
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Jacobi-Pifeiro: differential properties

Raising operators:

I (e @ 0P P ) = (Aot (12 PR (),
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Jacobi-Pifeiro: differential properties

Raising operators:

(31— )PP () = (A B 1)x (1-x) PR (),

dx

Lowering operator:

ni+ o — o) @+, 641
_Pﬁﬂ( )_ HI 1( J Pﬂ_ﬂ‘]v (X)
Z Hl 1 l;é_/(ai - aj) e
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Jacobi-Pifeiro: differential properties

Raising operators:

(31— )PP () = (A B 1)x (1-x) PR (),

dx

Lowering operator:

ni+ o — o) @+, 641
_Pﬁﬂ( )_ HI 1( J Pﬁ_ﬂ‘p (X)
Z Hl 1 l;é_/(ai - aj) e

Differential equation:

(H Dj) (1-x)"DP 7 (x) = —in’{fl(""+a"_ (HD) (1-x)? P30 ().

o e —a) 35

d
D=_, Dj = x4 Dx T,
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Jacobi-Pineiro: integral representations

Integral representations:

n:
J
dz

M(n+pB+1) (-1)l f{ x Mz + 1) [T (o — 2)

_\BpEB(Ly
W= P ) = [ oy + B 1 Dy 2mi Fz+n+5+2)

Y is a Hankel contour from —oo — 0+, around 0, to —oo + i0+.
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Jacobi-Pineiro: integral representations

Integral representations:

(1—x)°PIP(x) = "

M(n+pB+1) (-1)l f{ x Mz + 1) [T (o — 2)

H}:1(|ﬁ|+aj+/8+1)nj 2mi Mz+n+pB+2)

Y is a Hankel contour from —oo — 0+, around 0, to —oo + i0+.

(—1)QFF(x) = H;_1(n+,3+aj)nj(1_x)ﬂi]€ X (z+n+B) N

M(n+8) 27 Jr T(z + 1) [Tjoy (o — 2),

I"is a contour enclosing o, +1,...,a;+nj—1for1 <j<r.
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Jacobi-Pineiro: integral representations

Integral representations:

(1—x)°PIP(x) = "

M(n+pB+1) (-1)l f{ x Mz + 1) [T (o — 2)

H}:1(|ﬁ|+aj+/3+1)nj 2mi Mz+n+pB+2)

Y is a Hankel contour from —oo — 0+, around 0, to —oo + i0+.

(—1)QFF(x) = H;_1(n+,3+aj)nj(1_x)ﬂi]€ X (z+n+B) N

F(n+3) 2mi Jr T(z + 1)1y () — 2)n,
I"is a contour enclosing o, c; +1,...,aj+nj—1for 1 <j<r.
(=) = x)? ﬁﬂﬁl Faj+ B4 1), PEO(x) = M
. J LU (27Tl)r

Jj=1
« % X |A|+8 tl—al—l . tr_a’_l ” "
5 5> tp... ¢t (]__ tl)n1+1...(]__ tr)"’+1 1 r
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Jacobi-Pineiro: zero distribution

Theorem (E+J Coussement, VA)

Let 0 < x12n < Xo2p < -+ < Xop2n be the zeros of P,(,?ﬁ}’az)’ﬁ_
Then

1
lim — Z f(Xk2n) = / f(x)va(x) dx,
0
for every continuous function f on [0, 1], where

e f(1+m)1/3 (1= VIR
Vol X x2/3m o
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Jacobi-Pineiro: zero distribution

The proof uses the four-term recurrence relation
Xpn(x) = pn+1(X) + ann(X) + Cnpn—l(X) + dnpn—Z(X)7

p2n(X) = Pn,n(X)a p2n+1(X) = Pn—l—l,n(X)
where

lim by=3, limc,=3, lim d,=1.
n—oo n—oo n—oo
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Jacobi-Pineiro: zero distribution

The proof uses the four-term recurrence relation
Xpn(x) = pn+1(X) + ann(X) + Cnpn—l(X) + dnpn—2(X)7

p2n(X) = Pn,n(X)a p2n+1(X) = Pn+1,n(X)
where

lim by=3, limc,=3, lim d,=1.
n—oo n—oo n—oo

This gives ratio asymptotics
. pn+1(X)
Ilm—:ZX, XGC 0515
Jim P S5 = 2() \[0.1]

where z is the solution of a cubic equation.
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Jacobi-Pineiro: zero distribution

The proof uses the four-term recurrence relation
Xpn(x) = pn+1(X) + ann(X) + Cnpn—l(X) + dnpn—2(X)7

p2n(X) = Pn,n(X)a p2n+1(X) = Pn+1,n(X)
where

lim by=3, limc,=3, lim d,=1.
n—oo n—oo n—oo

This gives ratio asymptotics

im P o e\ o1,

n—0oo Pn(X)

where z is the solution of a cubic equation.

fim 1Pl () /1 2 g xec\[o1].
0

n—00 N pp(x) z(x) x—t
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Jacobi-Pineiro: zero distribution

Theorem (Neuschel, VA)

Let 0 < x1,;n < X2,in < -+ < Xmn,m be the zeros of P,7  n. Then

yeeey

nILngOEfok,n) /f Yvr(x) dx,

where v, is given by

vi(x) = r+1 1
' T [X(¢)l
_r+1 sinsinrpsin(r+ 1)p
7x |(r+1)sinrp — rsin(r + 1)pei®|?’
where i1

sin(r+1
X:(.( )QP) , O<p< —— T

sin p(sin ro)" r+1

Walter Van Assche Multiple Orthogonal Polynomials



Ratio asymptotics

Theorem (Van Assche)
Let i = (lqin],...,|qrn]), where g >0 (1 <) <r) and
g1+ -+ q, =1. Suppose

lim az; = a; lim b, = b;.
n—oo ™ J n— o0 i J

Then uniformly on compact sets of C \ R

lim Pﬁ+€k(x)

am PH(X) = Z — bk’

where z is the solution of the algebraic equation
r

=h .
x—z:g 2 lim z—x=0.

Z—bj7 X—00

Jj=1
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Jacobi-Pineiro polynomials: applications

If o1 =ap =...=a, = a: limit case are still multiple orthogonal
polynomials, but

1
/ kagﬂ(x)xa(l — X)ﬂ dx =0, 0< k<n —1,
0
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Jacobi-Pineiro polynomials: applications

If o1 =ap =...=a, = a: limit case are still multiple orthogonal
polynomials, but

1
/ kagﬂ(x)xa(l — X)ﬂ dx =0, 0< k<n —1,
0

1
/ ka;‘”g(x)xo‘logx (1—x)ﬁdx:0, 0<k<n—1,
0
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Jacobi-Pineiro polynomials: applications

If o1 =ap =...=a, = a: limit case are still multiple orthogonal
polynomials, but

1
/ kagﬂ(x)xa(l — X)ﬂ dx =0, 0< k<n —1,
0

1
/ ka;‘”g(x)xo‘logx (1—x)ﬁdx:0, 0<k<n—1,
0

1
/ xKPEP(x)x(log x)2(1 — x)P dx =0, 0<k<n—1,...
0
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Jacobi-Pineiro polynomials: applications

If o1 =ap =...=a, = a: limit case are still multiple orthogonal
polynomials, but

1
/ kagﬂ(x)xa(l — X)ﬂ dx =0, 0< k<n —1,
0

1
/ ka;‘”g(x)xo‘logx (1—x)ﬁdx:0, 0<k<n—1,
0

1
/ xKPEP(x)x(log x)2(1 — x)P dx =0, 0<k<n—1,...
0

1
/ kag”g(x)xo‘(log x)’_l(l — x)ﬂ dx =0, 0<k<n,—1.
0
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Jacobi-Pineiro polynomials: applications

If o1 =ap =...=a, = a: limit case are still multiple orthogonal
polynomials, but

1
/ kagﬂ(x)xa(l — X)ﬂ dx =0, 0< k<n —1,
0

1
/ ka;‘”g(x)xo‘logx (1—x)ﬂdx:0, 0<k<n—1,
0

1
/ XKPOP(x)x*(log x)2(1 — x)P dx =0,  0<k<n3—1,...
0

1
/0 kag”a(x)xo‘(logx)'_l(l —x)Pdx =0, 0<k<n —1
Normal indices when ny > np > n3 > ... > n,.
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Jacobi-Pineiro polynomials: applications

For oo = 3 = 0 one has

L
v [ CEE e
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Jacobi-Pineiro polynomials: applications

For oo = 3 = 0 one has

L
v [ B =)

Hermite-Padé approximation to (fi,..., f,) with
-1 j—1 1 I j—1
o= C [
G- Jg z—x

gives (for z = 1) rational approximants to ((1),¢(2),...,¢(r).
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Jacobi-Pineiro polynomials: applications

For oo = 3 = 0 one has

L
v [ B =)

Hermite-Padé approximation to (fi,..., f,) with
-1 ji—1 1 I ji—1
o= C [
G- Jg z—x

gives (for z = 1) rational approximants to ((1),¢(2),...,¢(r).

One problem arises: ((1) = Y32 ; + = oo: additional interpolation
conditions are needed, such as

Ar1(1) =0

for type | Hermite-Padé approximation.
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Jacobi-Pineiro polynomials: application

Theorem (Apéry, 1979)

¢(3) is irrational.
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Jacobi-Pineiro polynomials: application

Theorem (Apéry, 1979)

¢(3) is irrational.

Theorem (Ball-Rivoal, 2001)
Infinitely many ((2n + 1) are irrational.
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Jacobi-Pineiro polynomials: application

Theorem (Apéry, 1979)

¢(3) is irrational.

Theorem (Ball-Rivoal, 2001)

Infinitely many ((2n + 1) are irrational.

Theorem (Zudilin, 2002)

At least one of the numbers ((5), ((7),<(9),¢(11) is irrational.

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).
Type Il Jacobi-Angelesco P57 (x) satisfy

0
| RPEATOO = o)X - X k=0, 0<k<n-1,

a

1
| AP0t a0y de =0, o<k<m-1
0
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).
Type Il Jacobi-Angelesco P57 (x) satisfy

0
| RPEATOO = o)X - X k=0, 0<k<n-1,

a
1
| AP0t a0y de =0, o<k<m-1
0

Parameters a < 0, o, 8,7 > —1.
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type Il Jacobi-Angelesco P77 (x) satisfy

0
/ ka,?‘ﬁ”(x)(x —a)%|x[%(1 = x)"dx =0, 0<k<n-1,

a
1
/ XKPEEI(x)(x — a)*x (1 —x)Ydx =0, 0<k<m-—1.
0
Parameters a < 0, o, 8,7 > —1.

Rodrigues formula:

(x — a)*x7(1 = x)" Py (x)
(_l)n d" «
~@ntatitr ), de a)" XL = )
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).
Type |l Jacobi-Angelesco P57 (x) satisfy

0
| R PTG~ o) X1 - X k=0, 0<k<n-1,

a
1
/ Xka,"ﬁ”(x)(x —a)*xP(1 = x)7 dx =0, 0<k<m-1.
0
Parameters a < 0, o, 8,7 > —1.

Rodrigues formula:

(x — a)“x*(1 = %) P2 (x)
dn

= Cn,km ((x — a)n+axn+ﬂ(1 _ X)n+ypaz-n,ﬁ+n,7+n(x)> .
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Jacobi-Angelesco polynomials: general r

letag<ar<---<arand 8> —-1for0< <.

.
w(x) = H Ix — aj|%, x € [ag, ar]-
=0
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Jacobi-Angelesco polynomials: general r

letag<ar<---<arand 8> —-1for0< <.

.
w(x) = H Ix — aj|%, x € [ag, ar]-
=0

/ ’ kag(x)W(x) dx =0, 0< k<nj,
aj—1

for1<j<r.
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Jacobi-Angelesco polynomials: general r

letag<ar<---<arand 8> —-1for0< <.
r
w(x) = H |x — aJ-|’8f, x € [ao, a/].
j=0

/ ’ kag(x)W(x) dx =0, 0< k<nj,
aj—1
for1<j<r.

Rodrigues formula:

(PO T )% Pl = 2y T

n ! n! dx" -
Jj=0 J=0
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Jacobi-Angelesco polynomials: general r

letag<ar<---<arand 8> —-1for0< <.

r

w(x) = H Ix — aj|%, x € [ao, a/].
=0

/ ’ kag(x)W(x) dx =0, 0< k<nj,
aj—1
for1<j<r.

Rodrigues formula:

(PO T )% Pl = 2y T

5 j=0 nl dx”" o
If i=(n,n,...,n), then
: G d” ! .
[ = a)%PL, 4(x) = Corgr (x — 257 PI+(x)
j=0 i
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Jacobi-Angelesco polynomials

Explicit expression: For i = (n,n,..., n)
18]+ (r+1)n P n+ Ao n+ 6\ T Nn—k;
(P R - > (" ) ey,
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Jacobi-Angelesco polynomials

Explicit expression: For i = (n,n,..., n)
1G]+ (r + 1)n\ 5 B n+ Bo n+ B\ Nn—k;
(MO el = 50 (M) (") T
|k|=n Jj=0
Raising operator:
d : A3 = d 1
S TTec= 2P o) | = (Bm) [T0=a) " PIL pia(3):
j=0 j=0
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Jacobi-Angelesco polynomials: zero distribution

For P, (r = 2) on the intervals [a,0] U [0, 1] (with a < 0): let

(a+1)°

p— 2T
9(a% —a+1)
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Jacobi-Angelesco polynomials: zero distribution

For P, (r = 2) on the intervals [a,0] U [0, 1] (with a < 0): let

(a+1)°

p— 2T
9(a% —a+1)

o If a < —1: the zeros are dense on [a, b] U [0, 1],
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Jacobi-Angelesco polynomials: zero distribution

For P, (r = 2) on the intervals [a,0] U [0, 1] (with a < 0): let

(a+1)°

p— 2T
9(a% —a+1)

o If a < —1: the zeros are dense on [a, b] U [0, 1],
o If =1 < a < 0: the zeros are dense on [a,0] U [b, 1],
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Jacobi-Angelesco polynomials: zero distribution

For P, (r = 2) on the intervals [a,0] U [0, 1] (with a < 0): let

p_  (a+1)
S 9(a2—a+1)

o If a < —1: the zeros are dense on [a, b] U [0, 1],

o If =1 < a < 0: the zeros are dense on [a,0] U [b, 1],

o If a= —1 then the zeros are dense on [—1,1].
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Jacobi-Angelesco polynomials: zero distribution

For P, (r = 2) on the intervals [a,0] U [0, 1] (with a < 0): let

p_  (a+1)
S 9(a2—a+1)

o If a < —1: the zeros are dense on [a, b] U [0, 1],

o If =1 < a < 0: the zeros are dense on [a,0] U [b, 1],

o If a= —1 then the zeros are dense on [—1,1].

The n zeros on the smallest interval push the n zeros on the larger
interval away (pushing effect).
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Jacobi-Angelesco polynomials: zero distribution

Equilibrium problem: let 11,15 be probability measures with
support on [a,0] and [0, 1].

(02) +102) - o) = inf (1) + 1(2) + 1. )

where (mutual energy of 11 and H2)

/(/1,1,[1,2 / / Iog d,ul( )d:u2(y)
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Jacobi-Angelesco polynomials: zero distribution

Equilibrium problem: let 11,15 be probability measures with
support on [a,0] and [0, 1].

(02) +102) - o) = inf (1) + 1(2) + 1. )

)

where (mutual energy of 11 and H2)
(1, p2) = / / Iog d#l( ) dpa(y)

If X120 < ... < Xn2n are the zeros on [a, 0] and
Xnt1.2n < ... < Xan2n are the zeros on [0, 1] then

n 0

Jim D3 ) = [ fdnk).  f e C(a0)),
J=1 2
2n

1
Jim 3" glgan) = [ glda(). g e C(0.1)

j=n+1
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Jacobi-Angelesco: asymptotics [—1,0] U [0, 1]

Theorem (Kalyagin)

(a+ﬁ—|—’y+3n
n

) Pan(x) = %inu;"(A(x) +o(1)),

uniformly on compact sets of C \ [—1, 1], with u; a solution of

w430 + (3—¥x2)u+1:0,
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Jacobi-Angelesco: asymptotics [—1,0] U [0, 1]

Theorem (Kalyagin)

(a+ﬁ—|—’y+3n
n

) Pan(x) = %inu;"(A(x) +o(1)),

uniformly on compact sets of C \ [—1, 1], with u; a solution of

w430 + (3—%{x2)u+1:0,

o B vy
3x 3x 3x
Ax) = ﬂ (2(1+u1) + 1) (2(1+u1)) (2(1+u1) - 1) (y? —1)"Y4(a - p)/?
2 (x + DaxB(x — 1)7 1+ w

with y = 1/x and

a(y) = e*mi/3 (_y L \/}/2—_1)1/37 b(y) = e~4mi/3 (y /2= 1) 1/3.
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Jacobi-Angelesco: asymptotics

Theorem (Kalyagin)
On the intervals [-1 +¢,—€] U [e,1 — €] (with e > 0)

(7 Pae) = A (cos(n0 — ) + o).

where § = arg u1(x) and ¢ = arg A(x).
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Jacobi-Angelesco: asymptotics

o Near the endpoints a,1 (hard edges) the asymptotic behavior
is in terms of the Bessel function: J, near a and J, near 1.
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Jacobi-Angelesco: asymptotics

o Near the endpoints a,1 (hard edges) the asymptotic behavior
is in terms of the Bessel function: J, near a and J, near 1.

o If a# —1 then the asymptotic behavior near b (soft edge) is
in terms of the Airy function Ai. The asymptotic behavior
near 0 (hard edge) is in terms of the Bessel function Jg.

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco: asymptotics

o Near the endpoints a,1 (hard edges) the asymptotic behavior
is in terms of the Bessel function: J, near a and J, near 1.
o If a# —1 then the asymptotic behavior near b (soft edge) is

in terms of the Airy function Ai. The asymptotic behavior
near 0 (hard edge) is in terms of the Bessel function Jg.

o If a= —1 then the asymptotic behavior near 0 is in terms of
the generalized Bessel function
n 0 2k
lim (—1) <a+6+7+3n) /n3/2 Z z -
n—oo (/B+1) n =0 ﬂ'ﬁ‘l zkkl

(Takata, 2005-2009).
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Jacobi-Angelesco: application

L dx 0 dx
ﬂ(Z)—/o ey fz(z)—/_lz_x
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Jacobi-Angelesco: application

L dx 0 dx
ﬂ(Z)—/o ey fz(z)—/_lz_x

; 1 i . . . iT
h(i) = 5 log 2 — Iﬂ, f(i) = log 2. 26(i) + H(i) = -5
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Jacobi-Angelesco: application

Lodx O dx
fl(z)_/o z—x’ fz(z)_/_lz—x

; 1 im . . . i
h(i) = 5 log 2 — R f(i) = log 2. 26(i) + H(i) = -5

Type Il Hermite-Padé approximation uses Legendre-Angelesco
polynomials P, , = P,?j,?’

Panl2i(2) ~ Quale) = O (7).

Pasl2Bl) ~ Ran(2) = O (i)
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Jacobi-Angelesco: application

L dx 0 dx
f1(2)—/0 ey fz(z)—/_lz_x

; 1 im . . . i
h(i) = 5 log 2 — R f(i) = log 2. 26(i) + H(i) = -5

Type Il Hermite-Padé approximation uses Legendre-Angelesco
polynomials P, , = P,(,)j,?’

Panl@)i(2) = Qnsl2) =0 ( it )
Pon(2)6(2) = Run(2) = O (ﬁ)
Panl@2A(2) + B(2)] - 20nn + Run(2)] =0 (s ).

Evaluate at z = / and estimate the error.
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Jacobi-Angelesco: application

The measure of irrationality p(x) of a real number x is

1
p(x) = sup{r >0: [x — %| < B has infinitely many

solutions (a, b) € Z2}.
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Jacobi-Angelesco: application

The measure of irrationality p(x) of a real number x is

1
p(x) = sup{r >0: [x — g| < B has infinitely many

solutions (a, b) € Z2}.

o If x € Q then p(x) = 1.
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Jacobi-Angelesco: application

The measure of irrationality p(x) of a real number x is

1
p(x) = sup{r >0: [x — g| < B has infinitely many

solutions (a, b) € Z2}.

o If x € Q then p(x) = 1.
o If x e R\ Q then pu(x) > 2.
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Jacobi-Angelesco: application

The measure of irrationality p(x) of a real number x is

1 -
wu(x) =sup{r >0:|x— g| < = has infinitely many

solutions (a, b) € Z2}.

o If x € Q then p(x) = 1.
o If x e R\ Q then pu(x) > 2.
o If x is algebraic, then p(x) = 2 (Roth, 1955)
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Jacobi-Angelesco: application

The measure of irrationality p(x) of a real number x is

1
p(x) = sup{r >0: [x — g| < B has infinitely many

solutions (a, b) € Z2}.

o If x € Q then p(x) = 1.
o If x e R\ Q then pu(x) > 2.
o If x is algebraic, then p(x) = 2 (Roth, 1955)

@ There exist real numbers x for which u(x) = 400 (Liouville)
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Jacobi-Angelesco: application

1,log?2 and = are linearly independent over Q.
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Jacobi-Angelesco: application

1,log?2 and = are linearly independent over Q.

Theorem (Beukers, 2000)

pu(m) < 23.271
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Jacobi-Angelesco: application

1,log?2 and = are linearly independent over Q.

Theorem (Beukers, 2000)

pu(m) < 23.271

Theorem (Hata, 1993)

pu(m) < 8.016
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Jacobi-Angelesco: application

1,log?2 and = are linearly independent over Q.

Theorem (Beukers, 2000)

wu(mr) < 23.271

Theorem (Hata, 1993)

pu(m) < 8.016

Theorem (Salikhov, 2008)

pu(m) <7.6
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