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Plan of the course

lecture 1: Definitions + basic properties

lecture 2: Hermite-Padé, Riemann-Hilbert,
Multiple Hermite polynomials

lecture 3: Multiple Laguerre polynomials (first and second kind)

lecture 4: Multiple Jacobi polynomials:
Jacobi-Piñeiro + Jacobi-Angelesco

lecture 5: Riemann-Hilbert problem
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Multiple Hermite polynomials

lecture 3: Multiple Laguerre polynomials (first and second kind)

lecture 4: Multiple Jacobi polynomials:
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Multiple Jacobi polynomials

The Jacobi weight is

w(x) = (1− x)α(1 + x)β, x ∈ [−1, 1], α, β > −1.

There are many ways to obtain multiple Jacobi polynomials:

1 Changing the parameter α to α1, . . . , αr (and [−1, 1] to [0, 1])
This gives Jacobi-Piñeiro polynomials.

2 Changing the parameter β to β1, . . . , βr (and [−1, 1] to [0, 1])
Again Jacobi-Piñeiro polynomials, but x 7→ 1− x .

3 Use Jacobi weights on r disjoint intervals
This gives Jacobi-Angelesco polynomials.
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2 Changing the parameter β to β1, . . . , βr (and [−1, 1] to [0, 1])
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2 Changing the parameter β to β1, . . . , βr (and [−1, 1] to [0, 1])
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Jacobi-Piñeiro polynomials

Type II Jacobi-Piñeiro polynomials P~α,β
~n (x)∫ 1

0
xkP~α,β

~n (x)xαj (1− x)β dx = 0, 0 ≤ k ≤ nj − 1,

for 1 ≤ j ≤ r .

Parameters αj > −1 and αi −αj /∈ Z whenever i 6= j . (AT system)
Introduced by Piñeiro (for β = 0) in 1987.

Rodrigues formula:

(−1)|~n|
r∏

j=1

(|~n|+ αj + β + 1)nj (1− x)βP~α,β
~n (x)

=
r∏

j=1

(
x−αj

dnj

dxnj
xnj+αj

)
(1− x)|~n|+β.
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Type II Jacobi-Piñeiro polynomials P~α,β
~n (x)∫ 1

0
xkP~α,β

~n (x)xαj (1− x)β dx = 0, 0 ≤ k ≤ nj − 1,

for 1 ≤ j ≤ r .
Parameters αj > −1 and αi −αj /∈ Z whenever i 6= j . (AT system)
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Jacobi-Piñeiro polynomials

Explicit formula:

P~α,β
~n (x) = (−1)|~n|

n1! · · · nr !∏r
i=1(|~n|+ αj + β + 1)nj

n1∑
k1=0

· · ·
nr∑

kr=0

(−1)|
~k|

(|~n|+ β

|~k|

) r∏
j=1

(
nj + αj +

∑j−1
i=1 ki

nj − kj

)(
|~k|

k1, k2, . . . , kr

)
x |

~k|(1−x)|~n|−|
~k|

(−1)|~n|(1− x)βP
~α,β

~n (x) =
r∏

j=1

(αj + 1)nj

(|~n|+ αj + β + 1)nj

r+1Fr

(
−|~n| − β, n1 + α1 + 1, . . . , nr + αr + 1

α1 + 1, . . . , αr + 1

∣∣∣∣ x

)
.

Limit relation:

lim
β→∞

β|~n|P~α,β
~n (x/β) = L~α

~n (x).
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Jacobi-Piñeiro: recurrence relation

Recurrence relation:

xP~n(x) = P~n+~ek
(x) + b~n,kP~n(x) +

r∑
j=1

a~n,jP~n−~ej
(x)

a~n,j =
nj(nj + αj)(|~n|+ β)

(|~n|+ nj + αj + β + 1)(|~n|+ nj + αj + β)(|~n|+ nj + αj + β − 1)

×
r∏

i=1

|~n|+ αi + β

|~n|+ ni + αi + β

∏
i 6=j

nj + αj − αi

nj − ni + αj − αi
, 1 ≤ j ≤ r ,

b~n,k = (|~n|+β+1)

∏r
j=1(|~n|+ β + αj + 1)

(|~n|+ nk + αk + β + 2)
∏

j 6=k(|~n|+ nj + αj + β + 1)

− (|~n|+ β)

∏r
j=1(|~n|+ β + αj)∏r

j=1(|~n|+ nj + β + αj)
, 1 ≤ k ≤ r .

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Piñeiro: differential properties

Raising operators:

d

dx

(
xαj+1(1− x)β+1P

~α+~ej ,β+1
~n−~ej

(x)
)

= −(|~n|+αj+β+1)xαj (1−x)βP~α,β
~n (x), 1 ≤ j ≤ r .

Lowering operator:

d

dx
P~α,β

~n (x) =
r∑

j=1

∏r
i=1(ni + αi − αj)∏r
i=1,i 6=j(αi − αj)

P
~α+~ej ,β+1
~n−~ej

(x).

Differential equation: r∏
j=1

Dj

 (1−x)β+1DP~α,β
~n (x) = −

r∑
j=1

∏r
i=1(ni + αi − αj)∏r
i=1,i 6=j(αi − αj)

∏
i 6=j

Di

 (1−x)βP~α,β
~n (x).

D =
d

dx
, Dj = x−αj Dxαj+1.
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Jacobi-Piñeiro: integral representations

Integral representations:

(1−x)βP~α,β
~n (x) =

Γ(n + β + 1)Qr
j=1(|~n| + αj + β + 1)nj

(−1)|~n|

2πi

I
Σ

x−z−1Γ(z + 1)
Qr

j=1(αj − z)nj

Γ(z + n + β + 2)
dz

Σ is a Hankel contour from −∞− i0+, around 0, to −∞+ i0+.

(−1)|~n|Q~α,β
~n (x) =

∏r
j=1(n + β + αj)nj

Γ(n + β)
(1−x)β 1

2πi

∮
Γ

xzΓ(z + n + β)

Γ(z + 1)
∏r

j=1(αj − z)nj

dz

Γ is a contour enclosing αj , αj + 1, . . . , αj + nj − 1 for 1 ≤ j ≤ r .

(−1)|~n|(1− x)β
r∏

j=1

(|~n|+ αj + β + 1)nj P~α,β
~n (x) =

n1! · · · nr !

(2πi)r

×
∮

Σ

· · ·
∮

Σ

(
− x

t1 . . . tr

)|~n|+β
t−α1−1
1 · · · t−αr−1

r

(1− t1)n1+1 · · · (1− tr )nr+1
dt1 · · · dtr
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Jacobi-Piñeiro: zero distribution

Theorem (E+J Coussement, VA)

Let 0 < x1,2n < x2,2n < · · · < x2n,2n be the zeros of P
(α1,α2),β
n,n .

Then

lim
n→∞

1

2n

2n∑
k=1

f (xk,2n) =

∫ 1

0
f (x)v2(x) dx ,

for every continuous function f on [0, 1], where

v2(x) =

√
3

4π

(1 +
√

1− x)1/3 + (1−
√

1− x)1/3

x2/3
√

1− x
.
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Jacobi-Piñeiro: zero distribution

The proof uses the four-term recurrence relation

xpn(x) = pn+1(x) + bnpn(x) + cnpn−1(x) + dnpn−2(x),

p2n(x) = Pn,n(x), p2n+1(x) = Pn+1,n(x)

where
lim

n→∞
bn = 3, lim

n→∞
cn = 3, lim

n→∞
dn = 1.

This gives ratio asymptotics

lim
n→∞

pn+1(x)

pn(x)
= z(x), x ∈ C \ [0, 1],

where z is the solution of a cubic equation.

lim
n→∞

1

n

p′n(x)

pn(x)
=

z ′(x)

z(x)
=

∫ 1

0

v2(t)

x − t
dt, x ∈ C \ [0, 1].
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Jacobi-Piñeiro: zero distribution

Theorem (Neuschel, VA)

Let 0 < x1,rn < x2,rn < · · · < xrn,rn be the zeros of P~α,β
n,n,...,n. Then

lim
n→∞

1

rn

rn∑
k=1

f (xk,rn) =

∫ 1

0
f (x)vr (x) dx ,

where vr is given by

vr (x) =
r + 1

π

1

|x ′(ϕ)|

=
r + 1

πx

sin ϕ sin rϕ sin(r + 1)ϕ

|(r + 1) sin rϕ− r sin(r + 1)ϕe iϕ|2
,

where

x =

(
sin(r + 1)ϕ

)r+1

sin ϕ(sin rϕ)r
, 0 < ϕ <

π

r + 1
.
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Ratio asymptotics

Theorem (Van Assche)

Let ~n = (bq1nc, . . . , bqrnc), where qj > 0 (1 ≤ j ≤ r) and
q1 + · · ·+ qr = 1. Suppose

lim
n→∞

a~n,j = aj , lim
n→∞

b~n,k = bj .

Then uniformly on compact sets of C \ R

lim
n→∞

P~n+~ek
(x)

P~n(x)
= z − bk ,

where z is the solution of the algebraic equation

x − z =
r∑

j=1

aj

z − bj
, lim

x→∞
z − x = 0.
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Jacobi-Piñeiro polynomials: applications

If α1 = α2 = . . . = αr = α: limit case are still multiple orthogonal
polynomials, but∫ 1

0
xkPα,β

~n (x)xα(1− x)β dx = 0, 0 ≤ k ≤ n1 − 1,

∫ 1

0
xkPα,β

~n (x)xα log x (1− x)β dx = 0, 0 ≤ k ≤ n2 − 1,

∫ 1

0
xkPα,β

~n (x)xα(log x)2(1− x)β dx = 0, 0 ≤ k ≤ n3 − 1, . . .

∫ 1

0
xkPα,β

~n (x)xα(log x)r−1(1− x)β dx = 0, 0 ≤ k ≤ nr − 1.

Normal indices when n1 ≥ n2 ≥ n3 ≥ . . . ≥ nr .
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Jacobi-Piñeiro polynomials: applications

For α = β = 0 one has

(−1)j
∫ 1

0

(log x)j

1− x
dx = j!ζ(j + 1)

Hermite-Padé approximation to (f1, . . . , fr ) with

fj(z) =
(−1)j−1

(j − 1)!

∫ 1

0

(log x)j−1

z − x
dx

gives (for z = 1) rational approximants to ζ(1), ζ(2), . . . , ζ(r).

One problem arises: ζ(1) =
∑∞

k=1
1
k = ∞: additional interpolation

conditions are needed, such as

A~n,1(1) = 0

for type I Hermite-Padé approximation.
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Jacobi-Piñeiro polynomials: application

Theorem (Apéry, 1979)

ζ(3) is irrational.

Theorem (Ball-Rivoal, 2001)

Infinitely many ζ(2n + 1) are irrational.

Theorem (Zudilin, 2002)

At least one of the numbers ζ(5), ζ(7), ζ(9), ζ(11) is irrational.
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type II Jacobi-Angelesco Pα,β,γ
n,m (x) satisfy∫ 0

a
xkPα,β,γ

n,m (x)(x − a)α|x |β(1− x)γ dx = 0, 0 ≤ k ≤ n − 1,

∫ 1

0
xkPα,β,γ

n,m (x)(x − a)αxβ(1− x)γ dx = 0, 0 ≤ k ≤ m − 1.

Parameters a < 0, α, β, γ > −1.

Rodrigues formula:

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type II Jacobi-Angelesco Pα,β,γ
n,m (x) satisfy∫ 0

a
xkPα,β,γ

n,m (x)(x − a)α|x |β(1− x)γ dx = 0, 0 ≤ k ≤ n − 1,

∫ 1

0
xkPα,β,γ

n,m (x)(x − a)αxβ(1− x)γ dx = 0, 0 ≤ k ≤ m − 1.

Parameters a < 0, α, β, γ > −1.

Rodrigues formula:

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type II Jacobi-Angelesco Pα,β,γ
n,m (x) satisfy∫ 0

a
xkPα,β,γ

n,m (x)(x − a)α|x |β(1− x)γ dx = 0, 0 ≤ k ≤ n − 1,

∫ 1

0
xkPα,β,γ

n,m (x)(x − a)αxβ(1− x)γ dx = 0, 0 ≤ k ≤ m − 1.

Parameters a < 0, α, β, γ > −1.

Rodrigues formula:

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type II Jacobi-Angelesco Pα,β,γ
n,m (x) satisfy∫ 0

a
xkPα,β,γ

n,m (x)(x − a)α|x |β(1− x)γ dx = 0, 0 ≤ k ≤ n − 1,

∫ 1

0
xkPα,β,γ

n,m (x)(x − a)αxβ(1− x)γ dx = 0, 0 ≤ k ≤ m − 1.

Parameters a < 0, α, β, γ > −1.

Rodrigues formula:

(x − a)αxβ(1− x)γPα,β,γ
n,n (x)

=
(−1)n

(2n + α + β + γ + 1)n

dn

dxn
(x − a)n+αxn+β(1− x)n+γ .
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Jacobi-Angelesco polynomials

Introduced by V. Kalyagin in 1979 (for r = 2).

Type II Jacobi-Angelesco Pα,β,γ
n,m (x) satisfy∫ 0

a
xkPα,β,γ

n,m (x)(x − a)α|x |β(1− x)γ dx = 0, 0 ≤ k ≤ n − 1,

∫ 1

0
xkPα,β,γ

n,m (x)(x − a)αxβ(1− x)γ dx = 0, 0 ≤ k ≤ m − 1.

Parameters a < 0, α, β, γ > −1.

Rodrigues formula:

(x − a)αxβ(1− x)γPα,β,γ
n,n+k(x)

= Cn,k
dn

dxn

(
(x − a)n+αxn+β(1− x)n+γPα+n,β+n,γ+n

0,k (x)
)

.
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Jacobi-Angelesco polynomials: general r

Let a0 < a1 < · · · < ar and β > −1 for 0 ≤ j ≤ r .

w(x) =
r∏

j=0

|x − aj |βj , x ∈ [a0, ar ].

∫ aj

aj−1

xkP
~β
~n (x)w(x) dx = 0, 0 ≤ k ≤ nj ,

for 1 ≤ j ≤ r .
Rodrigues formula:(
|~βj |+ (r + 1)n

n

) r∏
j=0

(x−aj)
βj P

~β
n,n,...,n(x) =

1

n!

dn

dxn

r∏
j=0

(x−aj)
n+βj .

If ~n = (n, n, . . . , n), then

r∏
j=0

(x − aj)
βj P

~β
~n+~m(x) = Cn,~m

dn

dxn

 r∏
j=0

(x − aj)
βj+nP

~β+~n
~m (x)

 .
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r∏
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(x − aj)
βj P
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~n+~m(x) = Cn,~m

dn

dxn

 r∏
j=0

(x − aj)
βj+nP

~β+~n
~m (x)

 .
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Jacobi-Angelesco polynomials

Explicit expression: For ~n = (n, n, . . . , n)(
|~β|+ (r + 1)n

n

)
P

~β
~n (x) =

∑
|k|=n

(
n + β0

k0

)
· · ·

(
n + βr

kr

) r∏
j=0

(x−aj)
n−kj .

Raising operator:

d

dx

 r∏
j=0

(x − aj)
βj P

~β
n,n,...,n(x)

 = (|~β|+rn)
r∏

j=0

(x−aj)
βj−1P

~β−~1
n+1,...,n+1(x).
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Jacobi-Angelesco polynomials: zero distribution

For Pn,n (r = 2) on the intervals [a, 0] ∪ [0, 1] (with a < 0): let

b =
(a + 1)3

9(a2 − a + 1)
.

If a < −1: the zeros are dense on [a, b] ∪ [0, 1],

If −1 < a < 0: the zeros are dense on [a, 0] ∪ [b, 1],

If a = −1 then the zeros are dense on [−1, 1].

The n zeros on the smallest interval push the n zeros on the larger
interval away (pushing effect).
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Jacobi-Angelesco polynomials: zero distribution

Equilibrium problem: let ν1, ν2 be probability measures with
support on [a, 0] and [0, 1].

I (ν1) + I (ν2) + I (ν1, ν2) = inf
µ1,µ2

(
I (µ1) + I (µ2) + I (µ1, µ2)

)
where (mutual energy of µ1 and µ2)

I (µ1, µ2) =

∫ 1

0

∫ 0

a
log

1

|x − y |
dµ1(x) dµ2(y)

If x1,2n < . . . < xn,2n are the zeros on [a, 0] and
xn+1,2n < . . . < x2n,2n are the zeros on [0, 1] then

lim
n→∞

1

n

n∑
j=1

f (xj ,2n) =

∫ 0

a
f (x) dν1(x), f ∈ C ([a, 0]),

lim
n→∞

1

n

2n∑
j=n+1

g(xj ,2n) =

∫ 1

0
g(x) dν2(x), g ∈ C ([0, 1]).

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco polynomials: zero distribution

Equilibrium problem: let ν1, ν2 be probability measures with
support on [a, 0] and [0, 1].

I (ν1) + I (ν2) + I (ν1, ν2) = inf
µ1,µ2

(
I (µ1) + I (µ2) + I (µ1, µ2)

)
where (mutual energy of µ1 and µ2)

I (µ1, µ2) =

∫ 1

0

∫ 0

a
log

1

|x − y |
dµ1(x) dµ2(y)

If x1,2n < . . . < xn,2n are the zeros on [a, 0] and
xn+1,2n < . . . < x2n,2n are the zeros on [0, 1] then

lim
n→∞

1

n

n∑
j=1

f (xj ,2n) =

∫ 0

a
f (x) dν1(x), f ∈ C ([a, 0]),

lim
n→∞

1

n

2n∑
j=n+1

g(xj ,2n) =

∫ 1

0
g(x) dν2(x), g ∈ C ([0, 1]).

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco: asymptotics [−1, 0] ∪ [0, 1]

Theorem (Kalyagin)(
α + β + γ + 3n

n

)
Pn,n(x) =

1

2πn
u−n
1

(
A(x) + o(1)

)
,

uniformly on compact sets of C \ [−1, 1], with u1 a solution of

u3 + 3u2 +
(
3− 27

4
x2

)
u + 1 = 0,

A(x) =
i
√

3

2

(
3x

2(1+u1)
+ 1

)α (
3x

2(1+u1)

)β (
3x

2(1+u1)
− 1

)γ

(x + 1)αxβ(x − 1)γ

(y2 − 1)−1/4(a− b)1/2

1 + u1

with y = 1/x and

a(y) = e4πi/3
(
−y +

√
y2 − 1

)1/3

, b(y) = e−4πi/3
(
y −

√
y2 − 1

)1/3

.
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Jacobi-Angelesco: asymptotics

Theorem (Kalyagin)

On the intervals [−1 + ε,−ε] ∪ [ε, 1− ε] (with ε > 0)(
α + β + γ + 3n

n

)
Pn,n(x) =

1√
2πn

|u1|−n|A(x)|
(
cos(nθ − ϕ) + o(1)

)
,

where θ = arg u1(x) and ϕ = arg A(x).
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Jacobi-Angelesco: asymptotics

Near the endpoints a, 1 (hard edges) the asymptotic behavior
is in terms of the Bessel function: Jα near a and Jγ near 1.

If a 6= −1 then the asymptotic behavior near b (soft edge) is
in terms of the Airy function Ai. The asymptotic behavior
near 0 (hard edge) is in terms of the Bessel function Jβ.

If a = −1 then the asymptotic behavior near 0 is in terms of
the generalized Bessel function

lim
n→∞

(−1)n

(β + 1)n

(
α + β + γ + 3n

n

)
Pn,n(z/n3/2) =

∞∑
k=0

(−1)k
z2k

(β + 1)2kk!
.

(Takata, 2005-2009).
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Jacobi-Angelesco: application

f1(z) =

∫ 1

0

dx

z − x
, f2(z) =

∫ 0

−1

dx

z − x

f1(i) = −1

2
log 2− iπ

4
, f2(i) = log 2. 2f1(i) + f2(i) = − iπ

2

Type II Hermite-Padé approximation uses Legendre-Angelesco
polynomials Pn,n = P0,0,0

n,n

Pn,n(z)f1(z)− Qn,n(z) = O
(

1

zn+1

)
,

Pn,n(z)f2(z)− Rn,n(z) = O
(

1

zn+1

)
Pn,n(z)[2f1(z) + f2(z)]− [2Qn,n + Rn,n(z)] = O

(
1

zn+1

)
.

Evaluate at z = i and estimate the error.

Walter Van Assche Multiple Orthogonal Polynomials



Jacobi-Angelesco: application

f1(z) =

∫ 1

0

dx

z − x
, f2(z) =

∫ 0

−1

dx

z − x

f1(i) = −1

2
log 2− iπ

4
, f2(i) = log 2. 2f1(i) + f2(i) = − iπ

2
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Jacobi-Angelesco: application

Definition

The measure of irrationality µ(x) of a real number x is

µ(x) = sup{r > 0 : |x − a

b
| < 1

br
has infinitely many

solutions (a, b) ∈ Z2}.

If x ∈ Q then µ(x) = 1.

If x ∈ R \Q then µ(x) ≥ 2.

If x is algebraic, then µ(x) = 2 (Roth, 1955)

There exist real numbers x for which µ(x) = +∞ (Liouville)
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Jacobi-Angelesco: application

Theorem

1, log 2 and π are linearly independent over Q.

Theorem (Beukers, 2000)

µ(π) ≤ 23.271

Theorem (Hata, 1993)

µ(π) ≤ 8.016

Theorem (Salikhov, 2008)

µ(π) ≤ 7.6
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